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Synopsis

A semibatch melt prepolymerization of poly (ethylene terephthalate) (PET) is studied. Being
characterized by complex reaction pathways leading to various functional end groups and side
products, PET prepolymerization process poses a challenging modeling problem. Ten distinct poly-
meric species have been defined in accordance with the type of functional end groups and the
corresponding mass balance and moment equation are developed to estimate the progress of reaction
and polymer molecular weight. The effect of various reactor operating conditions on the performance
of the polymerization process has been examined through numerical simulation of the molecular
species model developed. In particular, the effect of incomplete transesterification of methyl ester
groups on the polymer molecular weight has been investigated in detail.

INTRODUCTION

Many industrial melt polycondensation processes are characterized by com-
plex reaction pathways leading to high molecular weight polymers and various
side products. Poly (ethylene terephthalate) (PET) is no exception. Although
PET has been used for many years in manufacturing films and fibers, the
improvement in PET quality control makes this polymer as one of the most
versatile and important polymers useful for diversified applications (e.g., glass-
reinforced PET as engineering plastics). Currently PET is produced on com-
mercial scale by semibatch and continuous processes and for precise polymer
quality control the latter is becoming more attractive.

The kinetics of melt polymerization of PET has been studied by many work-
ers in the past and recent review by Ravindranath and Mashelkar'? provides
an excellent overview of our current understanding of reaction chemistry and
process modeling. Their work indicates that the PET polymerization under
industrial process conditions is more complicated than one may think. A mul-
titude of polymerization pathways leading to propagation, degradation, and
side reactions gives rise to many challenging problems for the precise control
of polymer properties. Some side products have adverse influence on the polymer
quality. For example, a small amount of diethylene glycol (DEG) lowers the
melting point and the thermal stability of PET. A few ppm of acetaldehyde
gives a flavor to PET bottles and causes coloring problem. Table I illustrates
the qualitative effect of various side products on the properties of PET.? Thus,
it will be important to have an adequate control of such unwanted side products
during the polymerization. Obviously, very simple process models may not be
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satisfactory in describing the progress of polymerization and the resulting poly-
mer properties.

The modeling of PET polymerization has been studied extensively in recent
years by two Indian research schools led by Ravindranath and Mashelkar %4
and Gupta and Kumar.®'! In their pioneering works, they identified various
reactions occurring in the melt polycondensation process and proposed detailed
reactor models for the elucidation of polymerization behavior. As pointed out
by these workers, one of the difficulties one may face in developing a compre-
hensive reaction model is the fact that the kinetics of various side reactions
have not been studied quantitatively in the past. This implies that any detailed
process models describing the melt PET process are difficult to validate due to
the lack of appropriate experimental data. Nevertheless, such detailed modeling
works as performed by the previous authors provide deeper insight into the
complex condensation polymerization process and is useful for the process im-
provement.

In this work, we shall extend the previous modeling effort of Ravindranath
and Mashelkar? on semibatch prepolymerization. As will be shown later, almost
all the possible reactions except cyclization reaction have been considered in
our model. These reactions are: ester interchange reaction, transesterification,
polycondensation, acid end group formation, free DEG formation, DEG end
group formation, esterification, diester group degradation, polycondensation of
DEG end group, and redistribution reactions. The model, although, in some
sense, cumbersome to develop and solve, gives more information on the details
of product composition, molecular weight distribution, and side product for-
mation.

MODEL DEVELOPMENT

The major functional end groups present in the polymerization melt are
hydroxyethyl group, methyl ester group, carboxyl acid group, and diethylene
glycol group. Since the polymerization is conducted in bulk polymer melt at
high temperature {260-300°C) and low pressure, various functional end groups
such as hydroxyethyl group, carboxyl group, etc. are very reactive and therefore
an extensive redistribution of functional groups occurs during the course of
polymerization. When one attempts to develop a PET polymerization model,
the first task is to determine what reactions should be included in the kinetic
scheme. In the modeling work by Ravindranath and Mashelkar,*” both the
functional group modeling approach and the molecular species modeling ap-
proach were used. However, the kinetic schemes or reactions considered in the
two modeling works were quite different. For example, in the functional group
model,* Raoult’s law was used for vapor-liquid equilibrium calculations and
the following reactions were included in the kinetic scheme: ester interchange
reaction, transesterification, polycondensation, DEG and acid group formation,
esterification, and degradation, whereas in the molecular species model,” the
Flory—Huggins model was used and the following reactions were included: po-
lycondensation, esterification, degradation of ester linkages and hydroxyethyl
end groups, intermolecular alcoholysis and intermolecular acidolysis. In the
latter, DEG formation reaction was not included.
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Taking into account all possible reactions between these functional end
groups, one can define 10 distinct polymeric species according to the type of
two end groups attached to the polymer chain ends. Table II shows these 10
polymeric species. Note that P, (bis-hydroxyethyl terephthalate or BHET),
Q; (methyl-hydroxyethyl terephthalate or MHET'), R, (dimethyl terephthalate
or DMT), S; (hydroxyethyl terephthalic acid or HTPA), and U, (methyl ter-
ephthalic acid or MTPA) are the transesterification products transferred from
the first stage reactor. Together with ethylene glycol (EG) they are the major
initial constituents in the second stage (i.e., prepolymerization). When com-
pared with the polymeric species included in the modeling work of Ravindranath
and Mashelkar,” the polymeric species listed in Table II include more species
such as those containing terminal methyl ester group (e.g., Q., R,, U,, V,)

TABLE 11
Chemical Formulae of Polymeric Species

P ot N
P, HOC,H;[O—C@C—O—C,H‘}O—C@C—O—C,H‘OH
-1
0O [0/
|| f I
Q. HOC.H —0—C,H;1-0—C C—O—CH,
n-1
e P ot
3 CH,{O_C@C_O_C,H.}O_C@C_O_CH,
a-1
P ot Pt
s nocndo-t{(O)-tro-cuno-b-(Oy-E-on
n-1
? oyt Pt
T, HOC,H;[O-C‘@-C—O—C,H.}O—C*@*C—O—C,H,OCEH,OH

n-1

o) o) 0 0
Il Il il I
U, CH0—C C—0—C,H4-0—C C—0—H

i i i i
v, CH,{O—C@C—O—C,H‘}O c—@c 0—C,H,0C,H,0H
W, ‘[ ‘@ —0— C,H.}O C@ —0—C;H,0OC,H,OH
7
Y. O'— —0—Cy;H1T-0—C

n-1

[ | fl) (II)
Z. HOC,H,0C,H {»o—-c—@c —0— C,H,}O C C——O-—C,H,OC,H‘OH
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and diethylene glycol group (e.g., V., W,,, Z,,). The inclusion of such additional
species significantly complicates the overall kinetic scheme; however, these
species are indeed present in the polymerizing melt particularly when the pre-
polymerization starts with a mixture of completely transesterified DMT (i.e.,
BHET) and half-transesterified DMT (i.e., MHET). Moreover, the formation
of free DEG and terminal DEG can also be predicted by using the proposed
kinetic scheme. The reactions between the various functional groups are sum-
marized in Table III. Although cyclic polymers (or oligomers) can also be
formed, the amount of cyclic polymers is extremely small,>'? and thus the
reactions leading to such cyclic polymers are not included in our reaction scheme.
In Figure 1, the reaction network of melt polymerization of PET is summarized.
This diagram shows complex reaction pathways considered in our subsequent
kinetic modeling.

The main polycondensation reaction occurs in the presence of catalyst (e.g.,
Sby,03) when two hydroxyethyl end groups react with each other to form a new
ester linkage and to generate ethylene glycol as a condensation byproduct. The
polycondensation reaction can be expressed as following (forn, m = 1):

4k,

P.+P,v———P.in + EG (1a)

™ 2(n+m-1)k;

2k,

P, + Qn Q.im + EG (1b)

2(n+m-1)k,

2k,

Pn+SmmSn+m+EG (lc)
2k,
P.+T,————T,..» + EG (1d)
2(ntm-1)kj
Qn+QmmRn+m+EG (1le)
Q.+ S, mUn+m+EG (1f)
Qn + T Vn+m + EG (1g)

2(n+m— l)k

ko

T, + T, Zonim + EG (1)

2(n+m— l)k

where k, is the forward polycondensation rate constant for the reaction of two
hydroxyethyl end groups and k, the backward reaction rate constant for the
reaction of the hydroxyl group in ethylene glycol with the ester linkage in the
polymer chain, and EG the ethylene glycol. The multiple in front of each rate
constant indicates the number of reaction sites available for the reaction.

To reduce the reaction time in the first stage, the transesterification reaction
is generally carried out to 80-90% conversion of methyl ester group and un-
reacted methyl ester groups are then transferred to the second stage prepoly-
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TABLE III
Various Reactions in Melt Polymerization of PET

Ester interchange:

i
ki
C—0—CH, + HOC,H,OH —

:

(0]

{l
M/\@-C~O—02H4OH +CH,0H (a)

0
|

0
fl [ "
C—0—CH, + 'vm@—c—o—cszH =
i i
w@fc—o—czﬂ,—o~c‘@\m +CH,0H (b)

(o)

0
Il ft
C—0—C,H,0H + N\A@c —0—C,H,0H =

0 i
wv»@—c—o—czm—o—c‘@w‘d}xoczmon ©

Acid end group formation:

f i
ke
C—0—C,H,0H —> W@-C—O—H +CH,CHO  (d)

Free diethylene glycol formation:

Transesterification:

:

Polycondensation:

:

:

I X
C—0—C,H,0H + HOC, H,0H —»

0
[
'V\@fC—O—H +HOC,H,0C, H,0H (e)

:

Diethylene glycol end group formation:
i I
C—0—C,H,0OH + C—0—C,H,OH —>

w@—c o— H+W@C 0—C,H,0C,H,0H (f)

:
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TABLE II1 (Continued from the previous page.)

) 0
[ g I
C—O0—H + HOC,H,0H T C—0—C,H,0H+H,0 (g
g
c o— H+MA@C 0— CHOH‘—
i
W@c 0—C,H—~0— c—@M+H20 (h)

Degradation of diester group:
0

Il %
C—0—C,H~0— C =5
|| Icl)
W\@C——O—H+W@—C——O—C}I=CH2 )

Polycondensation of diethylene glycol end group:

i Fp
C—0— 0JLOH+’VVV@~C c— CHOC2H,OH‘—
kpd
II
C—0—C,H—~0— C +HOC,H,0C,H,0OH (j)

Redistribution reactions:

Esterification:

0.8

@5

é@

X C—0—C,H,OH

|
C—0—C,H~0— C@A~
II
X C—0—C,H—0— c Y
i
+z«A/@—C*O—CzH4OH &)

merization reactor in the form of MHET (Q;) or DMT (R, ). Thus, the following
transesterification and ester interchange reactions will also occur in the pre-
polymerization stage:

3@1

_O

+Y

é
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Transesterification reactions (forn, m = 1):

P, + Qn = Poom + M
P, + R, = Quin + M
P, + U, = Spom + M
P, + V, 5Ty + M
Qu + Qn 3 Quim + M
Q.+ Ry 3 Ry + M
Q.+ Up = Upsr + M
Qu+ Vo= Vo + M
S, + Qn = Spm + M
S, + Ry, = Upsr + M
S, + Up = Woim + M
S, + Vo2 Yoim + M
T, + Qn = Tpim + M
Ty + Ry = Vi + M
T, + Up = Wom + M
T, + Vo = Zoom + M

Reaction network of melt polymerization of poly (ethylene terephthalate).

(2a)
(2b)
(2¢)
(2d)
(2e)
(2f)
(2g)
(2h)
(2i)
(2))
(2k)
(21
(2m)
(2n)
(20)
(2p)
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Ester interchange reactions (forn = 1):

Q. +EG3P,+M (3a)
R, +EG 3 Q,+ M (3b)
U, +EG3S,+M (3¢)
V.,+EG3T,+M (3d)

where k, is the transesterification rate constant for the reaction of hydroxyethyl
group with methyl ester group, k; the ester interchange rate constant for the
hydroxyl group in ethylene glycol with methyl ester group, and M represents
methanol. Since the polycondensation reaction temperature (260-280°C) is
above the critical temperature of methanol (239.5°C) and the polymerization
reactor pressure is very low, it is reasonable to assume that methanol will
vaporize as soon as it is formed. Then, only forward reactions are considered
in both the transesterification and the ester interchange reactions.

As shown in Table III, carboxyl acid end groups are formed via several dif-
ferent reactions (d, e, f, 1). The amount of carboxyl groups present in the
polymer is an important factor in connection with their susceptibility to hy-
drolysis, since these end groups have a catalytic effect in the process.!® The
acid end group formation reactions are represented as follows (for n = 1):

P, s, +A (4a)
Q.3 U, +A (4b)
S, 5 Y,+A (4c)
T, 5 W, +A (4d)

where k, is the rate constant for the transformation reaction of hydroxyethyl
end group to acid end group and acetaldehyde (A). The critical temperature
of acetaldehyde (188°C) is much lower than the reaction temperature and we
can assume that the concentration of acetaldehyde in the reaction mixture is
negligible. However, acid end groups react with ethylene glycol to reproduce
the hydroxyethyl end group and another side product, water. Such reactions
are known as esterification reactions and they are, forn > 1,

2k,,g

S, +EG=P,+W (5a)
2keg

U,,+EGk—~,—*Q,,+W (5b)
eg
2keg

W, +EG=T,+W (5¢)

g
Y,,+EG?:S,L+W (5d)

i3

where k., is the forward rate constant for the reaction of acid end group with
the hydroxyl group in ethylene glycol and k., the reverse rate constant for the
reaction of hydroxyethyl end group with water (W). Another type of esterifi-
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cation reaction occurs when acid end group reacts with hydroxyethyl end group
as shown in Table III [reaction (h)]. The molecular species model for this
reaction can be expressed as (forn, m = 1)

2k,

Pyt Spi———=Prm + W (6a)
P+ Up === Qe + W (6b)
P,+ W, T + W (6c)
(n+m~1)k,
P.+Y., v Spem + W (6d)
ke
Qn+Smen+m+W (66)
Qn + Um m Rn+m + W (6f)
ke
Qn+YmmUn+m+w (Gh)
S +S 7—+—_1');Sn+m+w (61)
8pt Up === Upim + W (63)
ke
St W, —=W,, + W (6k)
(n+m—1)k,
2k,
S, +Y, Fr—tve Yoim+ W (6l)
T, + S, an+m+W (6m)
Tn+UmmVn+m+W (6n)
T, + W, =17, +W (60)
2(n+m-1)k,
Tn + Ym Crim-1)k, Wn+m + W (6p)

where k, is the forward esterification rate constant for the reaction of acid end
group with hydroxyethyl end group and k, the reverse esterification rate con-
stant for the reaction of water with the diester group in the polymer chain.
Note that, depending upon which side of a diester group in the polymer reacts
with a water molecule, different species can be produced from the same reactant
in some of the reverse reactions. For example, if water reacts with the hydroxy-
ethyl end group side of any diester group in species Q, the end products will be
Q and S as in eq. (6e). However, P and U will be the products if water reacts
with the methyl ester end group side of a diester group in species Q, as in
eq. (6b).

Every 1 wt % of diethylene glycol in PET can lower the melting point by
5°C. However, an increased amount of DEG increases the dyeability of PET.?
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Therefore, it is important to keep the DEG content in the polymer within
certain limits. In our molecular species model, DEG was considered both as a
volatile species when it is free in the polymer melt and as a polymeric species
when it is incorporated into the polymer chain end. The reactions leading to
DEG are shown in Table III [reactions (e, f)]. The molecular species model
for this reaction can be expressed as (forn = 1):

P, + EG 3 S, + DEG (7a)
Q. + EG 2 U, + DEG (7Tb)
S, + EG & Y, + DEG (7c)
T, + EG X W, + DEG (7d)

where k; is the rate constant for the reaction of hydroxyethyl end group with
the hydroxyl group in ethylene glycol. Free DEG can also be produced by the
dehydration reaction of ethylene glycols. However, Yoda'* reported that this
reaction route to DEG is not significant with Sb,0j5 catalyst (e.g., < 1.0 X 107*
wt % of EG). The polymers with DEG end groups are formed by the following
reactions (forn, m = 1):

P, + P, =S, + Tn (8a)
P+ Qn =S, +V, (8b)
P, + Q. =T, + U, (8c)
P, + S, %S, +W, (8d)
Po+Sn =T, + Y, (8e)
P, +T, XS, +27, (8f)
Po+ Tp =T, + Wi (8¢g)
Q.+ Q. XU, +V, (8h)
Q.+ S, 2 U, + W, (8i)
Q +S, 2V, +Y, (85)
Q +T, 22U, +7, (8k)
Q +T, 2V, +W, (81)
Syt S W, + Yo (8m)
S+ T = W, + W, (8n)
Sy + T = Yo + Znm (80)
T, + T, =% W, + Z, (8p)

where kg is the rate constant for the reaction of two hydroxyethyl end groups
leading to the formation of diethylene glycol end group and acid end group. If
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we consider these reactions as bidirectional transfer of one hydroxyethyl end
group between the two polymeric species, it is easy to realize why there are two
sets of products produced from the same set of reactants in some of these
reactions, e.g., egs. (8i) and (8j). Note that different multiplicity factors in
front of the rate constants in the above reaction schemes represent all the
possible reaction pathways of the two polymeric species involved in the
reactions.

Since diethylene glycol end groups can also be considered as another kind
of hydroxyethyl end groups having an ether linkage at the end, it is reasonable
to assume that DEG end groups will be involved in the polycondensation re-
actions just like hydroxyethyl end groups. Then, the molecular species model
for those reactions leading to DEG can be expressed as (for n, m = 1):

2kpy

P.+ T, ——— P,+» + DEG (9a)
4(n+m—1)kpd
Fpd
Qn + Tm m Qn+m + DEG (9b)
kpa
S, + T, ———=8,.» + DEG (9¢)
2(n+m—1)kpd
kad
T,+ T,v——— T,.n + DEG (9d)
2(n+m—1)k)g
kad
P,+V, g o Q... + DEG (9e)
Epd
Q.+ V, prp—o R,..n + DEG (9f)
kpa
S, +V,. Zﬁd U,im + DEG (9g)
k,
T,+V,=——=V,.. + DEG (9h)
2(n+m—1)kpq
2kpd
P, + W, s=—==8,.,. + DEG (91)
2(n+m71)kpd
kpd -
Q.+ W, m U,:m + DEG (95)
k,
Sp+ W, =—=—Y,,. + DEG (9k)
4(n+mv1)kpd
Fpd
T, + W, —————W,,,, + DEG 9
2(n+m—1)kpd
kg
P.+Z, ———T,,, + DEG (9m)
2(n+m—1)kpd
Epd
Q. +Z, 2;(—M—mimV,ﬁm + DEG (9n)
Ry
Sp + Zp ——=W,.,, + DEG (90)
2(n+m~1)kpd
Kpd
T, + Zn Znsm + DEG (9p)

4(n+m—1)kpy

where k,, is the forward rate constant for the reaction of the diethylene glycol
end group with the hydroxyethyl end group and k,, the reverse rate constant
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for the reaction of the hydroxyl group in DEG with the diester group in the
polymer chain. Note that the factors (4 or 2) appear in front of the rate constants
of reverse reactions due to the same reason as the reverse esterification reactions
explained above.

It has been reported that the molecular weight of PET may reach a maximum
value during the melt-polycondensation reaction and that the acid content of
a polymer sample increases at elevated temperature.'>” This is due to the
thermal degradation reactions in the polymer melt at high temperature. The
rate of the degradation reaction depends largely on the reaction temperature
as well as on the catalyst used in the transesterification and polycondensation
stages. The mechanism of degradation reaction of diester groups is shown in
Table III [ reaction (i) ]. In order to reduce the number of polymeric species to
be included in our model, the activity of vinyl end group is assumed to be equal
to that of the hydroxyethyl end group; therefore, no additional species have to
be defined for the reactions involving the vinyl end group. Under this assump-
tion, the molecular species having vinyl end groups are substituted with the
corresponding species having hydroxyethyl end groups. Since the amount of
vinyl end group produced is very small, the unbalance on the total mass caused
by this substitution is negligible. This method was also used in Ref. 7. The
molecular species model for the degradation of diester groups can be represented
as follows (forn=2,1<r=<n-1):

2(n-1)k,

p 2" Vkp 48, (10a)
n—1)kg
QI %p,, + U, (10b)
(n—1)ky
Qn anr + Sr (100)
2(n—1)k,
Rn —_— Qn*r + Ur (IOd)
g, W% 4s, (10e)
(n—1)kg
S, P, +Y, (10f)
T, oS, + T, (10g)
T, p L w, (10h)
(n—1)kg .
Un —_— > Qn—r + Yr (101)
U, Z22¥S, ., + U, (10§)
V, 22X Q. + W, (10k)
(n—1)k,
Vn —_— Un*r + Tr (101)
w, s 4w, (10m)
(n—1)kg
wW,—T,,+Y, (10n)
2(n—1)kg
v, 20V s Ly, (100)
2n—1)k,

Zn —_— Tn—r + Wr (lop)
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where k, is the rate constant for the degraded reaction of the diester group in
the polymer chain.

There are a number of interchange reactions occurring simultaneously in
the PET polycondensation. These reactions do not change the concentration
of each species nor the degree of polymerization, but they do change the mo-
lecular weight distribution of the final polymer. Three types of interchange
reactions, namely intermolecular alcoholysis, intermolecular acidolysis, and
transesterification, are possible for the species having hydroxyethyl end group
or acid end group. To reduce the complexity of our model, only the alcoholysis
reactions related with P species, the most abundant species in the reaction
mixture, are considered [reaction (k) in Table III]:

4(n=1)(m—1) k.,

P, +P,————P. . ,+P, (nm=1,1<sr<=n+m-—1) (1lla)
4(n+mfr71)(r—l)k,g
2(n—1)(m—1)k.
Pn+QmmPn+m_r+Qr (n,le,lSrSn'f‘m—l) (11b)
2(n—1)(m—1)k,g
P,.+S,v—————P,pnr+S, (nym=1,1<r<n+m-—1) (1lc)
2(n+m—r—1)(r—l)k,g
2(n—-1)(m-1)k,
P,+T,V—V————Pyp,+T, (nm=1l,1<r<n+m-1) (11d)

™ 2ntm—r~1)(r—1)k/,

where k,, and k,, are the rate constants for the reactions of hydroxyethyl end
group with the diester group in the polymer chain. The factors 4, (n — 1), and
(m — 1), represent the total number of hydroxyethyl end groups and number
of diester groups in the two reacting species, respectively.

GOVERNING EQUATIONS FOR A SEMIBATCH
PREPOLYCONDENSATION REACTOR

According to the chemical reaction scheme discussed in the previous section,
the prepolycondensation mixture will contain mainly 10 polymeric species and
small amount of three volatile species (ethylene glycol, diethylene glycol, and
water) and catalyst. Methanol and acetaldehyde will vaporize instantaneously
upon formation, and it will be safe to assume that they are not trapped in the
reaction mixture. Based on the ten major reactions between the functional
groups as shown in Table Il and the assumption of perfect mixing and constant
melt density, one can derive a set of mass balances which constitute the math-
ematical model for this system under isothermal condition.

Since the reaction volume decreases with conversion due to the continuous
removal of the condensation byproducts, it will be more convenient to use the
material balance equations based on the number of moles of each species in
the reactor. Assuming that the reactivities of various functional groups do not
depend on the polymer chain length, we can develop the rate expressions for
various reaction steps as follows.
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For growing polymers (n>1):

dP, N
— = {2G(k;Q, + kegSp) — P,[2ks + (n — 1)k + 2(n — 3)k, Cpy
4k, S n(2P, + Qo+ Su+ Th) — 4k, 3 (n— 1)P,]
n=1 n=1
n—1
+ Z [2Pr(thn—r + kan—r + keSn—r + kpdTn—r)] + (kZ + k4)CP
r=1
o n—1 oo
+ 2k Cpy 2, Pnptdk, > 2 P (P+@Q+S+T)} (12)
m=n+1 m=1 [=n—m+1
dqQ, N
d% = 52 (2G(2kB, + kegU) = Qulks + 2kG + kCro + (n = 1)y
o o« n-1
+ 2(271 - 3)krg 2 Pn + 2krg,’ Z nPn] + Z [Qn(thn—r + 2kppn—r
n=1 n=1 r=1
+ keSn—r + kpdTnfr) + 2Pr(2ktRn~r + ke Un—r + kpan—r)]
o =<} n—1 =g
+(k2+k4)CT+4krgz Pn z Qm+2krg 2 E QmPl} (13)
n=1 m=n+1 m=1 l=n—m+1
dR, N
= e [—Rn[4kiG + kCpop + (n — 1) k4]
n—1 1
+ Z [Qr(zktRn—r + 5 kan—r + k’e Un—vr + kpdvnr)]] (14)
r=1
ds, N
% Ve {2G(k; U, + 2k, Y,) + 2k P, — S, [ ks + 2k G + k.Cpg
<9 o n—1
+ (n - 1)k1 + 2(2n - 3)krg z Pn + rig Z nPn] + Z [Sr(thn—r
n=1 n=1 r=1
+ 2kppn—r + keSn—r + kpdTnAr) + 2Pr(kt Un—r + kden—r + 2keYn—r)]
<] o n—1 oG
+(k2+k4)cE+4krgz Pn z Qm+2krg Z Z QmPl} (15)
n=1 m=n+1 m=1 l=n—m+1
dT, N
ar Ve {2G(kU, + kegW,) + 2k4P,Cpy — Thlks + RpaCpp + (n — 1)k

o o n—1
+ 2(271 - 3)krg Z Pn + 2krg Z nPn] + z [Tr(thn—r+ 2kan—r

n=1 n=1 r=1

+ keSn—r + kpdTn—r) + 2Pr(ktVn—r + keWn—r + 2kden*r)]
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+ (ky + ks)Cp + 2koaDCp + 4key > Py % T

n=1 m=n+1

n—1 ©

+ 2krg Z z TmPl} (16)

m=1 [=n—-m+1

dgn = % {kaQn — Un[2(ki + keg) G + (R, + k) Cpo + (n— 1) k]
£S5 1@ (kU + EySor+ FpaW s + 20 Yor)
b OS2k B + ko Uny + kpaVar)] + RCr} (17)
dd‘;n = —‘Z/iz { kd@nCpo — Va[2R:G + (k, + ko) Cpo + (n — 1) Ry ]
S QU kVis + BT+ kWi + 2paZ,)
b T2k Ry, + koUnor + kpaVnr)] + 2kba DCr} (18)
d:;::n = JVVE {kaS,Cpo + k3T — W, [2keG + (R + koa)Cpg + (n — 1) k]
b3 (S BVar 4 BT+ BW oy + 2 )
b T (ke Uy + kpaWoer + 28Y, )] + kiCp + 2kpaDCx} (19)
d;;" = % [kgsn — Y, [4keG + 2k.Cpy + (n — 1) k4]
+ :g ’:S,(ktUn_, + % kySpey + BpgWo s + ZkeYnf,)] + k4CE] (20)
ddZt" = % [denCPO — Z,[2kpaCpo + (n ~ 1) k4]

n—1 1
+ > [T,(kt U,.,+ 2 kyToy + BW,, + Qk,,dzn_,)] + 2kpa CD} (21)

r=1
For volatile species:

dM N

da_N

at *Wkacpo (23)
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(;f ‘1/\72{ kyCho — kpG[ 2 2n(P, + @, + R, + S, + T, + U,

n=1

+ Vot W+ Y, +Z,) — Cpyp— Crp — Cro — Cpol] — 2ke;,GCryo

+ ke WCpy — 2k;GCry — 2ktGCp()} R G = ethylene glycol (24)

aw _

N x
2kegGCro — kegW Cpy + keCpoCro — R.W [ 2 2n(P, + @, + R,
dt 4 g

n=1
+8,+ T, + U, + V,+ W, + Y, +2Z,) ~Cpyp— Cro— Cro — Cpol} (25)

ab _

dt N {2kaCp0+kpdCP0CD0_2kpdD[z 2n(P +Qn+R +S + T

n=1
+ U, +V,+ W, +Y,+Z,) — Cpp— Cro — Crp — Cpol },
D = diethylene glycol (26)

where upper case symbols represent the number of moles of each species, V
the volume of reaction mixture, and N the initial number of moles of catalyst.
The following variables combining some concentrations and rate constants are
also defined and used in the modeling equations in order to simplify the rate
expressions:

Cpy = Z (2P, +Q,+S,+T,) (total hydroxyethyl groups) (27a)
n=1

Cp = (Q.+2R, + U, + V,) (total methyl ester groups) (27b)
n=1

Ceo= 2 (S, +U,+ W, +2Y,) (total carboxyl acid groups) (27¢)

n=1

Cpo = % (T, +V,+ W, +2Z,) (total DEG end groups) (27d)
a=1

Cp= % 2P, + Q..+ S, +T,) (hydroxyethyl groups) (27e)
m=n+1

Cr= % (Qn+ 2R, + U, +V,) (methyl ester groups) (271)
m=n+1

Cgp = % S,.+U,+ W, +2Y,) (carboxyl acid groups) (27g)
m=n+1

Cp= % (T, + Voo + W, + 27,) (DEG end groups) (27h)

m=n+1
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ky = 2k,G + 2k,W + 4k, D + 2k, (271)
ky = 2k,G + 2R,y D (275)
ks =k, + 2k:G + kyCpo + koW (27k)
ky= kW +k, (271)

k5 = ktcTo + (kp + 2kd)Cp0 + keCEO + kpchO + ka + 2ka + k;gW (27111)

In order to compute the molecular weight averages of polymers, the molecular
weight moments are defined as follows:

Nr=>n*%, (§=P,QR,S,T,UV,W,Y,Z) (28)

n=1

where A, denotes the kth moment of polymeric species £. The overall number
average chain length (Xy) and the weight average chain length ( Xyy) are defined
by

Xy =< (¢=P,Q,R,S,T,U,V,W,Y,Z) (29a)

Xy =3 (¢=P,Q,R,5,T,U,V,W,Y,Z) (29b)

The polydispersity is a measure of molecular weight distribution broadening
and is defined by

PD :XW/XN (29C)

Using the rate expressions for various species and the moments defined above,
one can derive the molecular weight moment equations and they are given in
the Appendix.

For the calculation of the concentrations of volatile species in the reaction
mass and in the vapor phase, a quasisteady state assumption is used for the
vapor-liquid equilibrium in small increments of time.!® The vapor phase is
assumed to follow the ideal gas law

p: = DpY: (30)

where p is the total pressure and p; and y; are the partial pressure and mole
fraction of species i, respectively. In the liquid phase, either Raoult’s law or
the Flory—Huggins model can be used. Under vapor-liquid equilibrium, the
partial pressure of the volatile species in the liquid phase can be generally
represented as

sat ..

P: = YiDi X (31)
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where v;, pi*, and x; are the activity coefficient, saturated vapor pressure, and
mole fraction of component i, respectively. v; = 1 for Raoult’s law and the
Flory-Huggins model v is given by'®

Iny; =In{l — (1 - 1/m)®:] + (1 — 1/m) P, + xP3 (32)

where component 1 and 2 represent the solvent and the solute, ®; the volume
fraction of component i, X the polymer interaction parameter, and m the ratio
of molar volumes of solute and solvent. In our polymer melt system, the polymer
is the solute and the volatile species the solvent. Since the mole fraction of
volatile species is very small under high reaction temperature and vacuum con-
dition, ¥, — 1, and thus the Flory—Huggins equation is reduced to

v1 = (1/m)exp(l —1/m+ X) (33)

Mass balance equations and the vapor-liquid equilibrium equation are com-
bined and solved simultaneously to calculate the concentrations of volatile
species in the liquid phase and the vapor phase. The volume of the reaction
mixture (melt phase) is updated by subtracting the equivalent volume of con-
densate removed from the reactor. The kth moment equations, as shown in
the Appendix, contain (& + 1)th moment terms, showing the coupled nature
of these equations when the reverse reactions are involved. The values of the
third moment for each species are estimated by using the moment closing for-
mula,?°

_ A£,2 ( 2A£,2 AE,O - >\§,1 )
£ Ae1Ago

(34)

Due to the scarcity of experimental data on many of the reactions considered
in our model, the rate constants used by Ravindranath and Mashelkar* for
their simulations are also used in our model simulations. The numerical values
of the parameters and physical constants used in the present work are shown
in Table IV. Note that, since catalyst concentration is considered separately,
the rate constants given by Ravindranath and Mashelkar have been divided
by the initial catalyst concentration to obtain the intrinsic rate constants. In
addition to those parameters listed in Table IV, four reactor operating variables,
e.g., initial composition, reaction temperature, pressure, and catalyst concen-
tration, must also be specified. The base operating conditions chosen in our
model simulations are:

Initial composition: 61% [BHET], 38% [MHET], and 1% [DMT]
(80% conversion of methyl ester group)

Temperature: 280°C

Pressure: 20 torr

Catalyst concentration: 0.05 wt % Sb,0;

Considering the fact that the conversion of methyl ester groups or DMT is in
the range of 70-90% under practical process conditions of melt transesterifi-
cation, we have chosen a 61/38/1 mixture of BHET, MHET, and DMT as a
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TABLE IV

Numerical Values of Physical Constants and Parameters
k, 7.9286 X 10%exp(—18500/RT) L?/mol? min
ky 3.1714 X 10%exp(—18500/RT) L?%/mol? min
k, 2.3320 X 10exp(—15000/RT) L?*/mol? min
k; 4.6640 X 10"exp(—15000/RT) 1.2/mol? min
k, 4.8505 X 10%exp(—29800/RT) L2/mol? min
Reg 1.2126 X 10%xp(—17600/RT) L%/mol® min
keg 4.8504 X 10%xp(—17600/RT) L%/mol® min
k, 1.2126 X 10%xp(—17600/RT) L2/mol? min
ke 9.7008 X 10%xp(—17600/RT) L2/mol? min
ks 4.8505 X 10%%exp(—29800/RT) L?/mol? min
ka 4.8505 X 10%exp(—29800/RT) L?/mol® min
kpa 7.9286 X 10%exp(—18500/RT) L?/mol® min
kpd 1.5857 X 10%exp(—~18500/RT) L?/mol? min
k, 4.1975 X 10"%exp(—37800/RT) L./mol min
kg 7.9286 X 10%exp(—18500/RT) L?/mol? min
p;;aé 10(21.61*3729/7‘744042 log1oT) mm Hg
psv?lt 1((8-6041-1757.853/(T—33.274) mm Hg
PBic exp[17.0326 — 4122.52/T — 122.5)] mm Hg
Vo 0.3 L
P 1.0 kg/L
X 0.5

base case for the initial prepolymer composition. It is also assumed that oli-
gomerization is not significant in the first stage.

RESULTS AND DISCUSSION

Polymer Molecular Weight

The molecular weight (MW ) of PET is one of the most important property
parameters. In the prepolymerization stage, BHET and low molecular weight
oligomers are transformed to polymers of relatively low molecular weight. Fig-
ures 2 shows the profiles of MW in a semibatch prepolymerization reactor
under various reactor operating conditions ( temperature, pressure, and content
of methyl ester groups). Here Xy denotes the fractional conversion of methyl
ester groups at the end of the transesterification stage. Since, in general, the
complete conversion of methyl ester groups is not achieved in the transester-
ification stage, these unreacted methyl ester groups are present at the beginning
of the prepolymerization stage. Therefore (1 — Xyg) represents the relative
amount of methyl ester groups in the reactor. First, note that under standard
reactor operating conditions (e.g., 20 torr, 280°C), the number average chain
length (NACL) is about 32 after 120 min. This is in quite good agreement with
industrial practice.! As the reaction temperature is increased, the NACL also
increases; however, at 300°C, the NACL profile approaches the apparent plateau
after about 80 min and then slightly decreases afterward. This is due to the
degradation reaction which becomes significant at high temperature. The similar
behavior was observed experimentally by Tomita'® and Yokoyama et al.!” The
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Fig. 2. Effects of temperature, pressure, and initial composition on the number average chain
length of polymer.

NACL profiles shown in Figure 2 are quite different from Ref. 4 in which a
functional group model was used: NACL increases continuously without showing
a sign of level-off (e.g., 280°C, 20 mm Hg) after 1 h. With both reaction pressure
and reaction time fixed at 20 torr and 120 min, the NACLs of PET have been
computed and shown in Figure 3(a) as a function of initial methyl ester group
concentration in the prepolymerization stage for various values of reactor tem-
perature ranging from 260 to 300°C. It is interesting to observe that there exists
an optimal initial methyl ester group concentration which gives the highest
NACL of the polymer for a given reactor temperature. Figure 3(a) also shows
the effect of degradation reaction: The highest NACL value is obtained at 280-
290°C. The degradation reaction at high temperature is less pronounced when
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Fig. 3. Effect of methyl ester groups on the number average chain length of prepolymerization
stage.

the initial methyl ester group concentration is low, i.e., high conversion of
methyl ester group in the transesterification stage.

The effect of pressure on NACL is predictable as illustrated in Figure 2(b).
As the reactor pressure is reduced, the higher molecular weight is obtained.
Note, however, that, at 280°C, the reduction in the reactor pressure from 20
to 1 torr results in only a slight increase in molecular weight and this is somewhat
surprising. Figure 3(b), with both temperature and reaction time fixed instead
of pressure as in Figure 3(a), shows why this phenomenon occurs. There also
exists an optimal methyl ester group concentration which gives the highest
NACL of the polymer for a given reactor pressure. However, as the pressure is
reduced, the peak NACL value increases and the location of the peak is shifted
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toward the right. At high pressure (e.g., 40 torr), the highest NACL is obtainable
when one starts the prepolymerization after about 75% conversion of methyl
ester groups is achieved in the transesterification stage. As less methyl ester
groups are present at the beginning of the prepolymerization, the resulting
NACL becomes lower. However, when very low pressure (e.g., 1 torr) is used,
the NACL increases as less methyl ester groups are present at the beginning
of the prepolymerization. Since it is practically quite difficult to maintain the
reactor pressure at about 1 torr in stirred prepolymerization reactors, many
industrial prepolymerization reactors are operated at about 10-40 torr. The
result shown in Figure 3 (b) suggests that the incomplete conversion of methyl
ester groups in the transesterification stage may be beneficial in increasing the
polymer molecular weight without employing very low pressure.
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Fig. 4. Effects of temperature, pressure and initial composition on the polydispersity of polymer.
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Figure 2(c) illustrates how NACL increases with time for different values
of initial methyl ester group concentration. The high molecular weight observed
when Xyg is high at low pressure is due to the fact that some methyl ester
groups, by reacting with ethylene glycol, are converted to hydroxyethyl groups
which are used in the polycondensation. Some methyl ester groups, by reacting
with hydroxyethyl groups, also form polymer linkage directly via esterification
(see Fig. 1). Ravindranath and Mashelkar® examined the effect of DMT ad-
dition on the molecular weight of the PET polymer under time-varying tem-
perature and pressure conditions. Their results showed that the effect of DMT
addition was detectable after about 1 h of reaction and the effect was not sig-
nificant. Ault and Mellichamp?' reported that the presence of methyl ester
groups can decrease the NACL if the transesterification rate constant (k,) is
less than the polycondensation rate constant (k,). Although the &, value used
in our simulation is smaller than &, (k./k, = 0.711, 280°C}, the ester interchange
rate constant (k&;) is much larger than k&,. In the presence of methyl ester groups,
some EG formed in the polycondensation reaction are consumed by the ester
interchange reaction and as a result the reverse reaction of polycondensation
is suppressed. This implies that the increase in MW with more MHET in the
reaction melt observed in Figure 2(c) is mostly due to the low concentration
of ethylene glycol as shown later in Figure 5(c).

Figure 4 shows the polydispersity profiles at different reaction conditions.
As expected, the polydispersity approaches 2.0 as the conversion increases but
the polydispersity becomes slightly larger than 2 when the reactor is operated
at high temperature, or high pressure (e.g., 40 torr), or in the presence of large
amount of methyl ester group.

Ethylene Glycol

Ethylene glycol is the major condensation product in the polymerization
stage and the rate of reverse reaction depends on the concentration of EG in
the melt. Since vapor-liquid equilibrium is assumed throughout the reaction,
the concentration profiles of ethylene glycol vary with the partial pressure and
the operating pressure of the reactor as shown in Figure 5. It was shown in
Figure 2(a) that the degradation reaction occurs at 300°C, leading to lower
final MW. However, the concentration of ethylene glycol at 300°C is only
slightly lower than that at 280°C after 120 min.

Hydroxyethyl End Groups

Figure 6 shows the concentration profiles of hydroxyethyl end groups under
various conditions. Note that the conversion of hydroxyethyl group is a strong
function of temperature. For example, the reaction time required to obtain high
conversion of the end group (e.g., above 85%) increases significantly as the
lower reaction temperature is used. As shown in Figures 2 and 3, the presence
of methyl ester end groups tends to increase the polymer molecular weight for
some cases by enhancing the conversion of hydroxyethyl groups. Note that
although the difference in the final conversion of hydroxyethyl end groups at
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Fig. 5. Effects of temperature, pressure and initial composition on the concentration of ethylene
glycol in the reaction mixture.

different operating conditions seems to be small, the resulting polymer molecular
weights can be significantly different (cf. Fig. 2).

Carboxyl Acid Groups Formation

There are some contradictory reports on the formation of carboxyl acid end
group in PET polymerization. In Ref. 4, it is shown that the acid end group
concentration increases rapidly during the early reaction period and then de-
creases gradually as the polymerization proceeds. However, in Ref. 7, the acid
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Fig. 6. [Effects of temperature, pressure and initial composition on the concentration of hy-
droxyethyl end groups in the reaction mixture.

end group concentration is reported to increase almost linearly with time. Our
simulation result, shown in Figure 7, indicates that the acid end group concen-
tration increases continuously with reaction time and this is also in qualitative
agreement with experimental data reported by Yokoyama et al.”” and Yoda,
who also reports that any catalyst which facilitates the DEG formation reaction
also promotes the carboxyl acid end group formation reaction. Note that the
acid end group formation is little affected by the presence of methyl ester group
in the initial reaction mixture but rather strongly influenced by reaction tem-
perature and pressure. The acid groups concentration increases as the reaction
temperature is increased and the pressure is reduced. Similar qualitative be-
havior was also reported in the experimental work by Yokoyama et al.2?
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Fig. 7. Effects of temperature, pressure and initial composition of the concentration of carboxyl
acid end groups in the reaction mixture.

Diethylene Glycol Formation

The presence of DEG in PET affects the crystalline content of polymers
and results in reduced strength of oriented films and fibers. Figure 8 illustrates
the weight fractions of free DEG and total DEG (free and incorporated) in the
polymerizing mass for different reaction conditions. The predicted DEG weight
fraction is somewhat lower than the reported value (~ 1 wt %).% Initially
DEG concentration increases very rapidly due to the high concentration of
hydroxyethyl groups in the reactor and then increases rather slowly. Note that
the amount of free DEG is quite negligible. It is also interesting to observe that
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Fig. 8. Effects of temperature, pressure, and initial composition on the concentration of DEG
in the reaction mixture.

when very high vacuum is applied (e.g., 1 torr), total DEG content decreases
as the polymerization proceeds. This is because the intensive removal of free
DEG occurs, enhancing the polycondensation reaction of DEG end groups which
transfer one DEG end group to a ester linkage in polymer chain.

Acetaldehyde

As shown in Table III, acetaldehyde is formed by the degradation of hy-
droxyethyl end group to carboxyl acid end group. In the manufacture of PET
(especially bottle grade), the control of acetaldehyde concentration is of prime
importance because retained acetaldehyde can migrate to the beverage and
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cause changes in taste.?* Generation of acetaldehyde also occurs during the
blow molding of PET bottles from PET resins.? It was also suggested that the
discoloration of PET is due to polyenaldehydes resulting from the polymeriza-
tion of acetaldehyde.?® Although Figure 9 shows the weight fraction of acetal-
dehyde in the condensate, it shows qualitatively how much the formation of
this byproduct is affected by the operating conditions. This information will
be helpful in designing the finishing polymerization reactor where the mass
transfer of volatile species should be considered. Figure 9 shows that acetal-
dehyde formation increases as the pressure increases and the temperature in-
creases. Ravindranath and Mashelkar? reported similar behavior. The presence
of methyl ester groups lowers the formation of acetaldehyde because the methyl
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Fig. 9. Effects of temperature, pressure, and initial composition on the weight fraction of
acetaldehyde in the condensate.

ester group reacts with hydroxyethyl end groups to form the polymer linkage
and as a result less hydroxyethyl end groups become available for the degra-
dation reaction.

Water Formation

A small amount of water is formed by esterification reactions [(g) and (h)].
Figure 10 shows that higher temperature and lower pressure give rise to reduced
water concentration in the polymerizing mass. At typical prepolymerization
condition (e.g., 280°C, 20 torr), water content is about 20 ppm. It is expected
that the concentration of water will be further reduced in the finishing poly-
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Fig. 10. Effects of temperature, pressure, and initial composition on the weight fraction of
water in the reaction mixture.

merization stage in which very high vacuum (< 1.0 torr) and high temperature
(~ 300°C) are employed. The presence of methyl ester groups slightly lower
the water formation.

Composition and Molecular Weights of Polymeric Species

Figure 11 shows the mole fraction profiles of various polymeric species present
in the reaction mixture for the two different initial compositions. Having hy-
droxyethyl groups on both ends and accounting for 80% of the initial reaction
mixture after the end of the transesterification stage, species P is the most
abundant species in the prepolymerization stage (about 70% throughout the
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Fig. 11. Effect of initial composition on the mole fraction profiles of polymeric species.

reactions) as shown in Figure 11(b). Also note that, in Figure 11(a), there
are considerable amounts of carboxyl acid end groups (S) produced and methyl
ester groups (Q) left will be transferred to the finishing polymerization stage.
Since these species are always shorter than species P, their existence will lower
the overall molecular weight. The results shown in Figure 11 also explain why
the MW is higher when less methyl ester group is present at low reaction
pressure (e.g., 1 torr). Having one or two methyl ester group attached to the
ends, both the species Q and R show a maximum concentration level in their
profiles as they are the intermediates.

The number average chain length profiles of each polymeric species are shown
in Figure 12. Note that the molecular weight of species Y containing carboxyl
acid groups is the second highest of all species. However, the molecular weight
of species R containing methyl ester groups is the lowest of all.

CONCLUDING REMARKS

In this work, we have developed a detailed molecular species model to describe
the progress of prepolymerization of PET in a semibatch reactor. With Flory-
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Fig. 12. Number average chain length profiles of polymeric species at base operating conditions.

Huggins vapor-liquid equilibrium model and realistic kinetic parameters in-
corporated, the model has been used to predict how the polymer chain growth
occurs and how the concentrations of various side products and functional end
groups vary under various reaction conditions. The initial conditions for the
prepolymerization were chosen in such a way that incomplete conversion of
methyl ester groups in the transesterification stage can be reflected in evaluating
the behavior of semibatch prepolymerization. It has been observed that incom-
plete conversion of methy! ester groups in the transesterification stage may be
beneficial in obtaining high molecular weight in the prepolymerization stage
even when only moderate vacuum is applied. It has also been shown that the
polydispersity value greater than 2.0 can be produced in the presence of methyl
ester groups, at high reaction temperature, or at relatively high polymerization
pressure (e.g., 40 torr). With the model presented in this work, it is possible
to obtain deeper insight into the complex reaction kinetics in the PET pre-
polymerization stage.

This research was supported by the National Science Foundation and in part by the Systems
Research Center at the University of Maryland.
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APPENDIX: MOLECULAR WEIGHT MOMENT EQUATIONS

Polymeric species P,:

2N N
d:,o = {2G (kilqo + keghso) — 2kshpp — Ri(Ap1 — Apg)

+2(Cio — BpApo)Apo + (ke + k) (Cpy — Cpo) }

dA N
d:’l = {2G (Rihgy + keghs1) — 2kshpy — [By + kg (Cpo + 2XMpo) 1(Ap2 — Apy)
+ 2(C11 — RoAp1) Apo + 2(Cio — RyApo) Apy + [%(kz + ky) + 2k Apo](Cpy — Cpy) }
d\py N
o = Vi {2G(kihgs + keghsz) — 2kshps — [ky + 2k Cpol (Aps — Apg) + 2(Ciz — kyAp2) App

+4(Cn ~ ko Ap) Ay + 2(Cro — kohpo) Apz + [§(k2 + ki) + Skighpo] (2Cps — 3Cpp + Cpr)

+ (3k,5Cpo = 3rgAp0) (2hp3 — BApg + Ap1) + 4Ry Ap 1 (Cpo — Cpy + Apz — Apy) }
Polymeric species Q,:

d\ N
df“’ = {2G (2kiApo + keghuo) — (ks + 2B:G + k:Cro) Ago — B (g1 — Agp)

+ Ciohgo + 2Chpp + (ke + ky)(Cpy — Cpo) }

d N
jdiﬂ Ve {2G(2kAgy + keghun) — (ks + 2k;G + kCpo) Ag1 — (k1 + 2k, hpo) (Ag2 — Aga)

+ Cihgo + Ciohgs + 2CaApo + 2Ciohpy + 5( ks + k) (Cry — Cry) + Erg(Apz — Mp1) Ago )

dige _ N
dt 2

{2G(2k;Ap2 + kg Ayz) — (ks + 2R;G + k,Cpy) Agz — (k1 + 4k hppo) (Mg — Ag2)

+ Cighgo + 2C1hqa + Crorga + 2Cihpo + 4Cyhpy + 2Ciohps + §(ky + ky) (2C13 — 3Cpy + Cpy)

+ 2k, (2Ng3 — BAgz + Ag1) Apo + 3R (2Nps — BApz + Ap1) Ago + 2k (Apz — Ap1) }

Polymeric species R,,:

dX N
df"’ = 7 {72(25G + BCro)Aro = ks (Ans = Mro) + (Cio + hphao) Nao )
di\ey _ N . !
dt, = F {_2(2kiG + ktCPo))\n,l - k1(>\R,2 - )\R,l) + (Cy + Ekp)\Q,l)XQ.o + (Cy + Ekp)\Q,o))\Q,x}
dA N
== 73 {"2(2RG + kCr)Ara ~ ki(Ang = Ara) + (Caa + 3o hea) Mao

+ 2(Ca + 3kprq1) Mg + (Cao + 3Rohg0) Mgz }
Polymeric species S,:

d )\s_o _

N
i Ve {2G (kilyo + 2keghy o) + 2kshpy — (ks + 2ke,G + k.Cpo) Aso — ki(Agy — Agp)

+ Ciohso + 2(Ca0 — kpAse) Apo + (By + k) (Cri — Cgo) }
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dX\ N
d:’l = W {2G(ki)\U,l + 2keg)\y’1) + 2k3)\P,1 - (ks + 2kegG + keCPO))\S,l
= (hy + 2k Apo) (Asz — Asa) + Crdso + Crohsy + 2(Coy — kyAs1) A
+ 2(Cy — kyhso)Apa + 5(ky + ky) (Cgs — Cr1) + krg(Ap2 — Apa)Aso)
dA N
75’2 = 2 {26 (kidus + 2keghy 2) + 2hhey = (ks + 2k + keCro) s,

— (k1 + 4kgrpo) (As3 — As2) + Crodso + 20 A5 + Crodsz + 2(Caz — ByAs2) Apg
+ 4(Ca1 — kohs1)Apa + 2(Cog — Byhso) Aps + §(ky + ky) (2CEs — 3Cis + Cry)

+ 2k (2h55 — BAsz + Asa) Apo + 3k (2Aps — BApz + Ap1) Asp + 2k (Ap2 — Api)As:)

Polymeric species T,:

dXA N
== 57 (26w + Keghw o) + 2kaCrodeo = (ks + EpaCro)Aro = ki Ohry = Aro)
+ Crohro + 2(Cyp — kA1) Apo + (B2 + k) (Cpy — Cpg) }
d\ta N
a = Vi {2G(kidvy T+ kegAw ) + 2kaCrodpy — (ks + kpaCro) Apy — (k1 + 2k, Apo) (Ar2 — Apy)
+ Cudrp + Crorry + 2(Cs1 — ByAa) Apo + 2(Ca0 — kpAro) Apy
+3(ke + B)(Cpg — Cpy) + keg(Apz — M) Aro
dA\rs N
a = V—z {2G(kAvo + kgAwa) + 2keCporps — (ks + kpaCro) Arp — (R1 + 4k Apo) (Ars — Arp)

+ Ciaho + 2CnA7y + Crohre + 2(Ca2 — kpAr2) Apo + 4(Cay — kpAgpy) Ap;
+ 2(Cso — kpAro) Apo + §(ky + k) (2Cps — 3Cps + Cpy) + %krg(Z)\T,a — 3Ar2 + Ary) Apo
+ 3R (2hps — BAps + Api) Aro + 2k (Aps — Api) Az}

Polymeric species U,:

dX N
df‘" = 7 (khao = [2(ki + ke) G + (ke + k) Crol Ay
— ki(Au1 — Aup) + Coorgo + Ciorso + ki (Cr — Cpp) }
dA N
7”" = 7 {khar — [2(ki+ ko) G+ (ke + ) Crol Ay = k1 Ohuiz = Auyp)
+ Cargo + Caorgr + Cursp + Ciolsy + 3k (Cre — Cpn) }
dA\ N
d:/’z = T/—z {ka)\q,z — [Z(kl + keg)G + (k, + ke)Cm]AU,Z - k1(>\u,3 - )\U,2) + C22)\Q,0

+ 2C5Aq1 + Caolgz + Cazhso + 2Chsy + Ciohsa + 5£4(2Crs — 3Cry + Cry) }
Polymeric species V,,:

dX N
ﬁ = 5 {ReCrrao = [26G + (ke + ko) Crul hvo = ki v = Mvo)

+ Caohgo + Caorro + 2kpa D(Cpy — Cro) }
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d\ N
= =y thaCroar — (2KG + (ke + Bpa) Crolhva = IO = Ava)
+ Cargo + Cighgy + Cutpp + Cyhry + kpa D(Cry — Cry) }
d\ N
dt“ = 7 {ReCrodaz = [25:G + (ke + k) Crol My — B (hvis = Ava) + Cihao

+ 2Cshg1 + Caohgz + Caghro + 2CuArs + Coohrz + 3kpa D(2CH — 3Cr, — Cpy) }
Polymeric species W, :

dM\ N
d;“‘ = 7 {RaCrohso + Ridzg = [2kG + (ke + ko) Crol Mo = Fa O = Aw o)

+ Caohsp + (Coo — Ephso) Aro + ke Cpy — Cpo) + 2kpa D{Cry — Cro) }

d\wy N
a = Ve { kaCpohsy + kst — [2keG + (R + Bpg) Cpol Awn — Ri(Aw 2 — Aw,1) + Casp
+ Caohgy + {Ca1 — kyhs1) Aro + (Cao — kphso) Ar1 + 3R(Cpz — Cpn) + kpa D (Cry — Crr) }
dA N
S = 75 {RaCrohss + Eshra = [2keG + (ke + Fod) Crol A = i Qs = Awaz) + Caahso

+ 2CnAs, + Caorsg + (Caz — kphsz) Ao + 2(Cor — BpAsi) Ay + (Cao — ByAso) Az
+ $01(2Cps — 3Cpp + Cpy) + 3kpa D (2CEs — 3Cgz + Cpy) }

Polymeric species Y,:

d\yo N
_:._2{

at kahso — 2(2keG + kCpo) Ayo — R1(Ay 1 — Ay )

+ (Cao — 3Rphs0) Aso T Ra(Cry — Cro) }

d\ N
dt“ = 373 {Rdsn — 2(2keG + keCro)ys = ahyz = Aya)

+ (Cor — 3kyAs1) Aso + (Cao — kohso) Asy + 3R (Cre — Cra) }

d\ N
o= Uhss = 2(2kaG 4 keCro) My = Bihys = Ava) + (Coo = Brodsa) hso

+ (Cy — shphsi)Asa + (Coo — tRohso) sy + 8Ra(2CEs — 3Crp + Cry) }

Polymeric species Z,:

d}\Z,O N 1 i
@ Ve { BaCpohto — 2kparz o — Ri(Az1 — Mz o) + (Cao — 3koAro) Apo + 2kpg D(Cpy — Cpp) }
dA N
= = s RaCroda — 2hahzn = bz = M) + (Con = dhohr) Mo

+ (Cy — ékpr,o))\T‘o + kpaD(Cp, — Cp1) }

ddzs

N
dt Ve { kaCprorrs — 2kpadz 2 — R1(Az3 — Az2) + (Cs2 — %k,;)\'r_z))\r,g

+ 2(Cy; — sk Apa) Ay + (Ca — %kp)\T,O))\T,z + 3kpa D(2Cpy — 3Cps + Cp1) }



where

K.
K.

J.-

R:

R
M

. Besnoin and K. Y.
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Cpo = 2Xpg + Ago + Aso + A

Cpr = 2Ap1+ Ag1 + Asy + A

Cpy = 2Xp2 + Ag2 + Ase + Arg

Cps = 2Xp3 + Ags + Asa + Ars

Cro = Ago + 2Ago + Aup + Avp

Cr = Mgy + 2Ag1 + Ays + Avs

Cro = Aoz + 2hg2 + Aya + Ay

Crs = Aga + 2Aga + Ays + Avs

Cro = Aso + Auo + Awo + 2Ayp

Cer = Asa + Aus + Awy + 20y

Cgr = As2t Apz+ Awe + 2Ay s

Ces = Asa + Aus + Aws + 2Ay s

Cpo = Aro+ Avp + Awe + 20z
Cpy=Ara+ Ayt Aw, + 202,
Cpe=Apa+ Avat Awat 20z
Cps=Arz+ Avat Aws + 2Az5

Cio = 2k, App + Rehgo T+ ReAso + RpaAro
Ci1 = 2Rphpy + Behgy T kedsy + kpaAr
Cis = 2R, Apg + Ridge + ReAsz + Rpalry
Ca = kyhso + keAyo + kogAwo + 2k Ay
Cy = kpyhsy + kedya + Rpadw + 2k Ay
Cap = Rphse + Ry + Rpghw o T 2k Ay e
Cso = kpAro + BeAvo + R Awo + 2Rparz 0
Cy, = kyAry + B Avy + ReAwa + 2kparz
Cag = koAro + ReAva + R Aw o + 2kpahz 2
Cio = 2R Ago + R Ayo + Rpavo

Cy = 2k, Mgy + R Ayg + EpaAva

C42 = 2kt>\R,2 + ke}\U,Z + kpdxvvg
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